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Formal semantics aims to assign a precise mathematical meaning to every program of a given
language. Two widely used flavours are operational semantics, which specifies how a program p
behaves when it is executed, and denotational semantics, which associates to a program p some
object JpK representing its abstract content. A prerequisite for a denotational semantics to be
useful and well-behaved is adequacy: if two programs p and q are denotationally equivalent, i.e.
JpK = JqK, then they are behaviourally equivalent, that is, their observable behaviour w.r.t. the
operational semantics is indistinguishable. Adequacy ensures that the denotational and opera-
tional semantics are compatible, yet proving it tends to be cumbersome. For this reason, there
has been longstanding interest in categorical accounts which mitigate this complexity via the
power of abstraction.

Abstract GSOS Turi and Plotkin [TP97] proposed an elegant bialgebraic approach to op-
erational and denotational semantics. It rests on the key observation that the operational
rules of many programming or process languages can be presented as a GSOS law, a natural
transformation

ϱX : Σ(X ×BX) → BΣ⋆X

parametric in a syntax functor Σ: C → C (with free monad Σ⋆) modelling the constructors
of the language, and a behaviour functor B : C → C modelling the type of transitions that
programs can make during their execution. For example, to model a simple process algebra, one
takes Σ to be a polynomial set functor representing the process constructors, like nil or − ∥ −,
and B to be the functor BX = (PωX)L representing the behaviour of image-finite labelled
transition systems. Every GSOS law has a canonical operational model, which equips the initial
algebra Σ(µΣ) ∼=−→ µΣ of program terms with the structure of a coalgebra γ : µΣ → B(µΣ).
Intuitively, γ is the transition system that runs programs according to the operational rules
encoded by the law. Dually, there is a canonical denotational model obtained by equipping the
final coalgebra νB ∼=−→ B(νB) (the domain of abstract program behaviours) with the structure
of an algebra α : Σ(νB) → νB. The two models form the initial and the final bialgebra for
the given GSOS law, respectively, and the unique bialgebra morphism J−K : µΣ → νB gives a
denotational semantics of programs; see the first diagram in Figure 1. The main feature of this
framework is that the denotational semantics is always compositional : the denotation map J−K
is, by construction, a morphism of Σ-algebras and thus denotational equivalence is respected by
all constructors of the modelled language. Moreover, adequacy of the denotational semantics
comes for free because denotational and behavioural equivalence simply coincide.
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Σ(µΣ) µΣ B(µΣ)

Σ(νB) νB B(νB)

∼=

ΣJ−K J−K

γ

BJ−K

α ∼=

Σ(µΣ) µΣ B(µΣ, µΣ)

B(µΣ, Z)

ΣZ Z B(Z,Z)

∼=

ΣJ−K J−K

γ

B(id,J−K)

α ∼= B(J−K,id)

Figure 1: Denotational semantics in first-order and higher-order abstract GSOS.

Higher-Order Abstract GSOS A key limitation of Turi and Plotkin’s framework is that
it is not expressive enough to capture higher-order languages such as the λ-calculus. Recently,
Goncharov et al. [Gon+23] have removed this limitation by developing the higher-order ab-
stract GSOS framework. The idea is simple: move from behaviour endofunctors to bi functors
B : Cop × C → C of mixed variance, accounting for the fact that in higher-order languages,
programs can occur both as inputs (contravariantly) and as outputs (covariantly) of pro-
grams. For example, an untyped λ-calculus can be modelled by a behaviour bifunctor like
B(X,Y ) = Y + Y X , which reflects that a λ-term either β-reduces to a λ-term, or acts as a
function mapping λ-terms to λ-terms. The operational rules of a higher-order language are
presented as a higher-order GSOS law, a (di)natural transformation

ϱX,Y : Σ(X ×B(X,Y )) → B(X,Σ⋆(X + Y )).

As in the first-order case, every higher-order GSOS law has an operational model, which extends
the initial algebra µΣ of programs (e.g. λ-terms) to the initial higher-order bialgebra; see the
top of the second diagram in Figure 1. This bialgebraic framework captures the operational
semantics of a wide range of higher-order languages, and operational reasoning methods such as
Howe’s method [Urb+23] and logical relations [Gon+24] have been developed at this generality.
In contrast, a bialgebraic treatment of higher-order denotational semantics along the lines of
Turi and Plotkin’s original vision has been missing so far.

Bialgebraic Denotational Semantics via Locally Final Coalgebras In recent work
[Gon+26], we have introduced denotational semantics to the world of higher-order abstract
GSOS. The main challenge is to identify the proper denotational models. Following Turi and
Plotkin’s ideas, the obvious approach is to use final higher-order coalgebras (and derived bial-
gebras). However, this does not work: the mixed-variance bifunctors modelling higher-order
languages usually fail to have a final higher-order coalgebra, even for the simplest kinds of
deterministic languages. Unlike in the first-order setting, non-existence of final higher-order
coalgebras is not merely due to size issues, which could be circumvented by suitably restricting
the behaviour bifunctors, but inherent to the nature of higher-order coalgebras.

The core insight of our work is to take locally final coalgebras instead of final ones. A higher-
order coalgebra Z ∼=−→ B(Z,Z) for a bifunctor B is locally final if it is final as a coalgebra for
the endofunctor B(Z,−) : C → C. We think of a locally final coalgebra as a domain of abstract
higher-order behaviours. Unlike final coalgebras, locally final coalgebras exist for many higher-
order languages, and are often (but not always) unique up to isomorphism. Thus, they form a
natural foundation for bialgebraic denotational models. This is substantiated by several results:

1. We develop a general theory of existence, construction, and uniqueness of locally final
coalgebras for bifunctors. Our approach is based on the ultrametric-enriched framework
of M-categories [BST10], which provides a natural setting for the construction of fixed
points of functors. We give a sufficient criterion for a behaviour bifunctor B : Cop×C → C
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on an M-category to admit a (unique) locally final coalgebra, and provide an iterative
construction method for it.

2. We show that every locally final coalgebra Z canonically extends to a bialgebra for a given
higher-order GSOS law, provided that the latter satisfies a syntactic restriction called rel-
ative flatness. We thus obtain a unique denotation morphism from the initial higher-order
bialgebra µΣ to the bialgebra Z (second diagram in Figure 1). This denotational seman-
tics is adequate: denotational implies behavioural equivalence w.r.t. the final coalgebra
for B(µΣ,−). Unlike in the first-order case, where adequacy holds by definition, this is a
non-trivial result, as denotational and behavioural equivalence no longer coincide.

These results induce a generic denotational semantics for languages modelled in higher-order
abstract GSOS. For instance, the untyped λ-calculus is captured by a higher-order GSOS law in
Setω

op

(the topos of trees), and its generic denotational model is given by a form of guarded in-
teraction trees [FTB24], while behavioural equivalence is strong applicative bisimilarity [Abr90].
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